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A polynomial basis

Given the polynomial ring C[x], its basis is {1, x, x?,...}.

(3x —1)(2x +5) = 6x* +13x — 5
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An SlL,-invariant polynomial

This is an SLy-invariant polynomial: x1y» — x)1
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An SlL,-invariant polynomial

This is an SLy-invariant polynomial: x1y» — x)1

Here's why: If you apply a change of variables by multiplying your
matrix of variables by a 2 x 2 determinant 1 matrix

a b X1 X2\ _ [axa -+ byl axo + by2
c d/\y1 ) \cxx+dyi oo+ dy
and then write your polynomial under the change of variables

(ax1 + by1)(cxe + dya) — (ax2 + byz)(cxi + dy1)
= acxyxp + adxyys + bexoyr + bdyry, — acxixa — adxayr — bexyy», — bd)
= ad(x1y2 — xoy1) + bc(xoy1 — x1y2) = (ad — be)(x1y2 — xoy1)
=1 (xy2 — %)

you get the same polynomial back.
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An Sls-invariant polynomial

X1 X2 X3
det | y1 y2 ¥3
Z1 2 Z3

= X1Y2Z3 + XoY3Z1 + X3Y12Z0 — X3Y2Z1 — X1Y32Z> — Xp)12Z3
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Another SLsz-invariant polynomial
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An Sls-invariant polynomial as a web

1
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Webs and web invariants

Definition (convention of Fraser, Lam, Le 2019)

An SL,-tensor diagram is a properly bicolored edge-weighted graph
embedded in a disk with labeled boundary vertices and whose interior
vertices have degree r. A tensor diagram is a web if it is planar.

X31

X32

X33
X11 X111 X2o1 X31
X12 det| x12 X0 X3
X13 X13  X23 X33

X21

X22

X23
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An 5L4 web and invariant (up to sign, see Fomin-Pylyvaskyy 2016)

[)’31, Y32, Y33, }/34] [)’41, Ya2, Ya3, }/44]
X21 X11
X22 X12
X23 X13
X24 X14
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An 5L4 web and invariant (up to sign, see Fomin-Pylyvaskyy 2016)

1 0 0 0 X11  X21
0 1 0 0 X12 X292
0 0 1 0 xi13 Xo3
det 0 0 0 1 X14 Xo4

ys1 ¥32 ¥33 ysa O 0
yar Ya2 ya3 Yas O 0

An SL,-tensor diagram with boundary type ¢ represents an
SL,-invariant polynomial in Invy, i) (A Vo)

SL,-webs span this space. Which ones give a basis?
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Rotation-invariant web bases for SL, and SL3
Theorem (Temperley-Lieb 1971)

Noncrossing matchings of 2c give a rotation-invariant basis for SL;. J

4 3
5 2
6 1 X11 X110

X21 X210

X12  X19
X22  X29

X13  X16
X23  X26

X14 X15
X24 X5

X17 X18

7 10 X7 X28

8 9

Theorem (Kuperberg 1996, Khovanov and Kuperberg 1999)

Non-elliptic (no cycles of length less than 6) SL3 webs with 3¢
boundary vertices give a rotation-invariant basis for SL3.

1 ? |
LT “The main problem [...] is how
.’." to generalize them to higher
'.0“’ rank.” (Kuperberg ‘96)
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Rotation-invariant web bases for SL,4

Theorem (Gaetz, Pechenik, Pfannerer, S., Swanson 2026)

Contracted, fully-reduced, top 4-hourglass plabic graphs with 4c
boundary vertices give a rotation-invariant web basis for SL,.
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Hourglass plabic graphs

Definition (Gaetz, Pechenik, Pfannerer, S., Swanson 2026)

An r-hourglass plabic graph is an SL, web with edges of weight
k > 1 drawn as twisted hourglasses.

A 4-hourglass plabic graph of boundary type ¢ = (1,1,...,1)
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Hourglass plabic graphs

Definition (Gaetz, Pechenik, Pfannerer, S., Swanson 2026)

An r-hourglass plabic graph is an SL, web with edges of weight
k > 1 drawn as twisted hourglasses.

A 4-hourglass plabic graph of boundary type ¢ = (2,1,3,1,2,2,1)
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Hourglass plabic graphs

Definition (Gaetz, Pechenik, Pfannerer, S., Swanson 2026)

An r-hourglass plabic graph is an SL, web with edges of weight
k > 1 drawn as twisted hourglasses.

A 9-hourglass plabic graph of boundary type ¢ = (1,1,...,1)
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Contraction moves

Contracted means apply the above moves as much as possible.
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Benzene and square moves for r = 4

O H
O H AR

e Square moves do not change the polynomial invariant, so it
doesn’t matter which representative you choose.

e Top means do as many benzene moves as possible to get to your
prefered of the two configurations.
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Fully reduced
e Fully reduced for r = 4 means no graph in the move equivalence
class has a 4-cycle containing an hourglass.

e For general r, fully reduced includes that the sum of the edge
multiplicities around a square must be at most r.
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(Hourglass) plabic graphs have trip permutation(s)

The trip; permutation of an hour-
glass plabic graph is a map on
boundary vertices created by tak-
ing the ith left at each o and the
ith right at each e.
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Trip theoretic fully reduced

o Alternatively, fully reduced means the trips are monotonic,
meaning they have no bad double crossings: no interior isolated
components, no self-intersections, no two trip,-segments have an

oriented double crossing, and no pair of trip;- and trip; ;-
segments have an oriented double crossing.

| S e
/OOC‘\
| SSaSe
P
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Skein relations: Uncrossing relations

o] e
S

IRE
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Skein relations: Decomposing forbidden 4-cycles

= = oo =[3];-

afudnpuis
@
‘E
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Skein relations: The benzene relation

oL
—~ )
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Tableaux

Definition
A standard Young tableau is a filling of a partition shape A with
the numbers 1,2, ..., n (where |\| = n) such that the rows and

columns are increasing and each number is used once.

T=0—1—2—-21—-31—+32—-33 —>43 —-53 =63 —631—632

4171819
30516 Yamanouchi lattice word:

11212211133
10|11

A lattice word with alphabet {1,2,...} is Yamanouchi if the number
of i's stays ahead of the number of / + 1's.
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Fluctuating tableaux
Definition

An r-fluctuating tableau 7 = \° & )\! 3 3 A" is a sequence
of r-row generalized partitions such that A'~! and \' differ by c;.

T = 0000 > 1100 - 1101 = 2110 - 2210 > 2100 > 2111 = 1111

1 |37
1 |45
PN Yamanouchi lattice word:
356 {1,2} 4 {1,3,4} 2 {2,3} {3,4} 1
23| 6

A lattice word with alphabet subsets of {1,1,2,2,...} is
Yamanouchi if the number of i's minus the number of /'s stays

ahead of the number of (i + 1)'s minus the number of / + 1's.
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Tableaux give a non rotation-invariant basis

Standard monomial theory (Hodge 1943, Seshadri 1978...) gives a
tableau basis for SL,-invariants.

(It's relatively easy to work with, but it's not rotation-invariant.)

So the number of basis elements of any basis equals the number of
tableaux.
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Arcinides, CC BY-SA 4.0 https://creativecommons.org/licenses/by-sa/4.0, via Wikimedia Commons
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Gromotion on tableaux via jeu de taquin

11256
314|710
819 (11|14
12113 (15|16
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Gromotion on tableaux via jeu de taquin

2156
314|710
819 |11|14
12113 (15|16
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Gromotion on tableaux via jeu de taquin

2 516
314|710
819 |11|14
12113 (15|16
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Gromotion on tableaux via jeu de taquin

214|516
3 7 110
819 |11|14
12113 (15|16
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Gromotion on tableaux via jeu de taquin

214|516
317 10
819 |11|14
12113 (15|16
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Gromotion on tableaux via jeu de taquin

214|516
317110

819 |11|14
12113 (15|16
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Gromotion on tableaux via jeu de taquin

214|516
317110(14
819 |11

12113 (15|16
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Gromotion on tableaux via jeu de taquin

214|516
317110(14
819 |11|16
1211315
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Gromotion on tableaux via jeu de taquin

214|516
317110(14
819 (11|16
12113]|15] 1
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Gromotion on tableaux via jeu de taquin

1

3

4

5

2

6

9

13

7

3

10

15

11

12

14

16

To instead computer promotion, subtract 1 (mod n).
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Promotion on rectangular tableaux behaves like rotation

11256 1|37
31417110 1 |45
819 |11|14 356

Theorem (Haiman 1992; Rhoades 2010 cyclic sieving)
For any a x b standard Young tableau T, Pro®*(T) = T.

Theorem (Gaetz, Pechenik, Pfannerer, S., Swanson 2024)
For any rectangular fluctuating tableau T of length n, Pro"(T)=T.

o
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Promotion on standard Young tableaux
Theorem (D. White)

Promotion on 2 x ¢ standard Young tableaux <> rotation on
non-crossing matchings of 2c.

112 (3|141|7 . .
5168|910
Promotionl Rotat|on
1123|619
4 (5171|8110
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Promotion on standard Young tableaux

Theorem (Petersen, Pylyavskyy, and Rhoades 2009)

Promotion on 3 X c¢ standard Young tableaux <> web rotation.

Jessica Striker (NDSU)

1 5|7
2 911
10112
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Rotation-invariant web bases for SL,4

Theorem (Gaetz, Pechenik, Pfannerer, S., Swanson 2026)

e Contracted, fully-reduced, top 4-hourglass plabic graphs with 4c
boundary vertices give a rotation-invariant web basis for SL,.

e Promotion on 4 x c standard Young tableaux < rotation of
hourglass plabic graph equivalence classes.

1{2]5]|6 K
3 7110 s "
8191114 :
1213 (15|16 B
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Banff International Research Station
for Mathematical Innovation and Discovery

! Home | About | Resources | Programs | Live Stream | Videos | Services | Publications | Search 7\ Contact

21w5514 Home

Confirmed Participants
Schedule
Workshop Videos

Dynamical Algebraic Combinatorics (21w5514)

Testimonials.

Organizers

Tom Roby (University of Connecticut)

Jessica Striker (North Dakota State University)
James Propp (University of Massachusetts - Lowell)
Nathan Williams (University of Texas at Dallas)
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Promotion permutations (Hopkins-Rubey(i=1)2022, GPPSS 2024)

Define the digraph prom;(T) by drawing y — x if x moves between
rows i + 1 and / in the yth application of gromotion.

12|56 24|56
314|710 3|71]10|14
—
8|9 (11|14 8|9 |11]16
12]|13|15|16 12|13|15| 1
" V2 LA )2
1S | \\: \ii/ E 1S s >
|4 ! |4 - U i
% > \2 \3 5
1 6 " 8 1 8
o 7 Ll 7 Ll 7
q ® o 4 % o4 %
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Promotion permutations (Hopkins-Rubey(i=1)2022, GPPSS 2024)

Define the digraph prom;(T) by drawing y — x if x moves between
rows i + 1 and / in the yth application of gromotion.

112516 214|5]|6 3/4|5]|6
314]7]10 317/|10]14 719(10|14
— —
8|9 |11]14 891116 8 |11|15]|16
12]13|15|16 12[13|15| 1 1213112
b ‘ A ‘ EN ) A
(b (b
15 \g \g‘// 3 \g‘_\/,{/ 3
K ! U K | U 4
% V> S \3 S
" 6 " G . ¢
U N 7 N 7 N 7
9 % g ® g 8
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Promotion permutations (Hopkins-Rubey(i=1)2022, GPPSS 2024)

Define the digraph prom;(T) by drawing y — x if x moves between
rows i + 1 and / in the yth application of gromotion.

11256 2|14 |5|6 314|5|6 415|614
314(7/|10 3|17|10|14 7191014 719 (10|16
— — —
819 |11|14 819 |11]16 8 |11]15]16 8 [11|15
12]13|15|16 12]13|15| 1 1213|112 12131
2 2 ) A
IS ’ > = ’ > \s‘[_b\/’//\g%
|4 LT | U | U 4
% 5 \2 \3 5
i 6 " 8 1 8
o 7 Ll 7 Ll 7
q % o 4 % o4 %
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Promotion permutations (Hopkins-Rubey(i=1)2022, GPPSS 2024)

Define the digraph prom;(T) by drawing y — x if x moves between
rows i + 1 and i in the yth application of gromotion.

12|56 2|14 |5|6 314|5]|6 415|614
314(7]|10 371014 7191014 719 (10|16
— — — —
8|19 (11|14 819 |11|16 8 |11|15|16 8 |11|15
1213|1516 12|13(15| 1 12113112 121131
(b - o 2
\S > 15 2
1 |4 -
& V> 5
v 8 1 £
Ll 7 Ll 7
v
! q 13 o q %
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Promotion permutations

Theorem (Gaetz, Pechenik, Pfannerer, S., Swanson 2024)
Given an r x c standard Young tableau T, its promotion digraphs are
permutations, rotate, and satisfy prom;(T) = prom,_,(T)!.

The antiexcedances of prom;(T) are exactly the numbers in the first i
rows of T.

12|56 promy(T)=43141097816131112651521
3141710
o Tz Proma(T)=14916151181362125107 143
1201315 16| proms(T)=16152113126754101193 14 8
X | Lk > lb A

° : 1 E 15 3

M ; U 4 1 4

15 S 2 5 5 g

v ¢ [ 8 " C

Ll 7 U 7 ! 5
1o b |o % lo
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Rotation-invariant web bases for SL,4

Theorem (Gaetz, Pechenik, Pfannerer, S., Swanson 2026)

e Contracted, fully-reduced, top 4-hourglass plabic graphs with 4c
boundary vertices give a rotation-invariant web basis for SL,.

e Promotion on 4 x ¢ standard Young tableaux < rotation of
hourglass plabic graph equivalence classes.

o Fori=1,2,3, trip,(G) = prom;(T).

2[5]6 |
3 710)
891114 s
12]13]15]16 :
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Rotation-invariant web bases for SL,4

Theorem (Gaetz, Pechenik, Pfannerer, S., Swanson 2023+)

e Contracted, fully-reduced, top 4-hourglass plabic graphs with 4c
boundary vertices give a rotation-invariant web basis for SL,.

e Promotion on 4 row fluctuating tableaux <> rotation of hourglass
plabic graph equivalence classes.

o Fori=1,2,3, trip,(G) = prom,(T).

23] 6
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Why do we need move equivalence classes?

8 1

square move
—

1|2
3| 4
516
7] 8
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Mapping from a basis web to a tableau

The separation labeling:

12
314
1213
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Mapping from a basis web to a tableau
The separation labeling:

12113]15|16

1122112332344344
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Hourglass plabic graph

16
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Symmetrized six-vertex configuration

1

9
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Symmetrized six-vertex configuration

Definition (Gaetz, Pechenik, Pfannerer, S., Swanson 2026)

A symmetrized six-vertex configuration is a planar graph
embedded in a disk with all internal vertices of degree 4, all boundary
vertices of degree 1, and each vertex a source, sink, or transmitting.

9
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Rotation-invariant web bases for SL,4

Theorem (Gaetz, Pechenik, Pfannerer, S., Swanson 2026)

Well-oriented, top symmetrized six-vertex configurations with 4c
boundary vertices give a rotation-invariant basis for SL,.

12|13

Jessica Striker (NDSU)
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Yang-Baxter and ASM moves

Y A Y A Y AN A A
\ \ \ \ \ \ \ \ \ ) \ \
7 7 7 7 7 7 7 7 7 A} 7 7
Y Y Y Y
N A P N
) < ) ) ) \ \ ) \ ) ) \
A} A) A} A} A} 7 7 A} 7 A} A} 7
Y A Y Y P Y Y Y
Y A Y A Y A A A
\ V) \ \ V) \ \ V) \ V) V) \
7 A} 7 7 A} 7 7 A} 7 A} A} 7
T~ T~ 1T Y T~ v
V) V) V) V) \ V) V) \ \ \ \ \ V) \ \
A} A} A} A} 7 A} A} 7 7 7 7 7 A} 7 7
Y A Y Y P Y Y Y

@ ASM moves do not change the polynomial invariant, so it doesn't
matter which representative you choose.

e Top means do as many Yang-Baxter moves as possible to get to
your prefered of the two configurations.

e Well-oriented means no loops or parallel edges and every triangle
in the move equivalence class is cyclically oriented.
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Mapping from a tableau to a web

Growth rules:

1 1 1 2 2 1 2 1 3 T 1 3 1
3N TN ! 3N 2 2l N
1 4 3 4 1 3 1| 2 4 1 2 4
/NG | NG I lowNe | 2N\ ?
- : . T TN
E 21 1 T 31 113 1 h 1, 3| 2 g
2 3 = 2 20X 3 3 - X
2 1 z 3 1 E 3 4 1 =
2 3 3 1 3 4 1 1 d
4 I a 1 ;o4
1 f 1 3 4 T2 1 1 7 4 3| 1 1 1 T 3
3 X5 3 3 R 2 2 - Xs 2
: 3 3 a - 2] 4 2 p) iz R 1 T I3
5 9 A T 1 N
T 2 3 3 T T 302 - 3 T 3 3 2| 3 2
- 1 1 . _— 3 _ 3 3
3 3 4, 2 b = 4, 1
3 4 3 2, 4 4 4 1 4 1 I
R 1 4
3 4 1 3 2 31 2 {1 1 7 3 3| 2 3 3 2 3
< 2 2 3 5
! o vt 1 NS 3 1T 2l N Ny 2
1 I
T T L T >
! 4 z ‘ 2 2 2 1 T 2 3 2 2 2 2 3 2
3 3 3 3 - - = - 3 3 3 3
4 4 i H T a T a H H 4 1
7 N ! 7 - P’ o
3 3 ‘ ! ><j 3 ‘ 3 3 2 3 2| 3 ‘ 3
2 2 - - 2 2 2 - - y 2 2
: 4 T a = ! T a 4 1 =
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Mapping from a tableau to a web

June 2026
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Mapping from a tableau to a web
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Mapping from a tableau to a web
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The equivalence class of the superstandard tableau
1 : "/
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Alternating sign matrices as webs
10 0

(O 1 1
00 0
0

0

) (63
00 1

(1 0 0
01 0

Proposition (Gaetz, Pechenik, Pfannerer, S., Swanson 2026)

= O O

0
0
1

o - O
o O

1
0
0

o = O

o

O OoOoO—r O O KM OO
I
|
H OO O, O OOoOHR
=

0

The web equivalence class of the 4 X ¢ superstandard tableau (lattice
word 12°3°4€) is in bijection with ¢ X c alternating sign matrices.
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Plane partitions as webs

Proposition (Gaetz, Pechenik, Pfannerer, S., Swanson 2026)

The web equivalence class of the fluctuating tableau with lattice word
12 4b2¢ 127245 1¢ s in bijection with the set of plane partitions
inside an a X b X ¢ box.

118|217(316
612|711(810

513|414
111442221222441111
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Symmetry classes of plane partitions as webs

Theorem (Adams, S. 2025+ (similar results for other symm. classes))
The web equivalence classes of fluctuating tableaux with lattice words
12(24)2712{4°=1 (34)>~1}(34) are in bijection with the set of totally

symmetric self-complementary plane partitions in a 2a X 2a X 2a box.

5 719 |11
12|16 |19 | 21
1013|814 (615] 17 | 18 | 20 | 22

142424242(34)4%(34)4(34)(34)

Jessica Striker (NDSU)
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Rotation-invariant web bases for SL, in Plicker degree 2

Theorem (Fraser '23; Gaetz, Pechenik, Pfannerer, S., Swanson '25)

Contracted, fully reduced r-hourglass plabic graphs of Pliicker degree
two give a rotation-invariant web basis for Invy,(s,)(Ve?").

1|4
5|7 e Promotion <
rotation J

319

5 11 GPPS$25 J
@ trip; = prom;

6 |12 Pi=P

8 |15

10|16

13|17

14|18
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G THRNEES

o C. Gaetz, O. Pechenik, S. Pfannerer, J. Striker, and J. Swanson:
» Rotation—invariant web bases from hourglass plabic graphs. Inventiones
Math. 243 (2026) no.2, 102pp.
» Web bases in degree two from hourglass plabic graphs. International
Mathematics Research Notices 2025 (2025) no.13, 23pp.
» Promotion permutations for tableaux. Comb. Theory, 4 (2024) no.2,
55pp.
@ R. Patrias, O. Pechenik, and J. Striker, Promotion digraphs,
arXiv:2508.10969 (2025+)
@ A. Adams and J. Striker, Webification of symmetry classes of plane
partitions, arXiv:2508.16565 (2025+)

W SIM NS @ ICErM

FOUNDATION
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arXiv:2508.10969
arXiv:2508.16565

Web bases for SLs? and beyond?

Guiding combinatorics: Promotion < rotation, Trip = Prom

+ benzene move analogue
+ other more complicated moves
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Rotation-invariant web bases for SL, in Plicker degree 2
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Rotation-invariant web bases for SL, in Plicker degree 2

14,12
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Rotation-invariant web bases for SL, in Plicker degree 2
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Rotation-invariant web bases for SL, in Plicker degree 2

14,1,2

4,5
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Rotation-invariant web bases for SL, in Plicker degree 2

14,1,2

4,5
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