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Schubert calculus (1886)

@ Divisor Schubert problem: given subspaces Wi, ..., Wy(m_q) € C™ of
dimension m — d, find all

d-subspaces V C C™ such that V N W; # {0} for all i.

e e.g. d =2, m=4 (projectivized). Given 4 lines W; C CP3, find all lines
V C CP3 intersecting all 4. Generically, there are 2 solutions.
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We can see the 2 solutions explicitly when two pairs of the lines intersect.
o If the W;'s are generic, the number of solutions V is f~, the number of
standard Young tableaux of rectangular shape d x (m — d).

@ Fulton (1984): “The question of how many solutions of real equations
can be real is still very much open, particularly for enumerative problems.”
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Shapiro—Shapiro conjecture

Shapiro—Shapiro conjecture (1993)

Let Wi, ..., Wy(m—q) € R™ be (m — d)-subspaces osculating the moment

((tm 1 tm— 2

curve ¥(t) == (¢, 01 Gy o b 1) at real points. Then there exist ™

d-subspaces V C R™ such that V N W; # {0} for all i.

solutions ) @ This Schubert problem
' arises in the study of
linear series in algebraic
geometry, ordinary
differential equations,
and pole-placement
problems in control
theory.

F. Sottile, “Frontiers of reality in Schubert calculus”
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Shapiro—Shapiro conjecture and secant conjecture

o Sottile (1999) tested the conjecture and proved it asymptotically.
@ Eremenko—Gabrielov (2002): cases d <2, m —d < 2.
@ Mukhin—Tarasov—Varchenko (2009): full conjecture via the Bethe ansatz.

@ Levinson—Purbhoo (2021): topological proof of the full conjecture.

Secant conjecture, divisor form (Sottile (2003))

Let Wi, ..., Wy(m—a) € R™ be (m — d)-subspaces secant to the moment
curve v along non-overlapping intervals. Then there exist f= real

d-subspaces V C R™ such that V N W; # {0} for all i.

@ Eremenko—Gabrielov—Shapiro—Vainshtein (2006): case m — d < 2.

Theorem (Karp—Purbhoo (2023))

The divisor form of the secant conjecture is true.
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Positive Shapiro—Shapiro conjecture

@ The (projective) Pliicker coordinates of a d-subspace V C C™ are the
d x d minors A (V) of a d x m matrix whose rows form a basis of V.

e s Dia(V)=1 Dos(V)=4

eeg V= rowspan([é 1 3 9 }) ~ A13(V)=3 NAo4(V)=3
Ara(V)=2 Dsa(V)=1

Positivity conjecture (Mukhin—Tarasov (2017); Karp (2021))

Let Wa, ..., Wy(m—q) € R™ be (m — d)-subspaces osculating the moment
curve y(t) at real points t1, ..., ty(m_q) > 0. Then there exist

d-subspaces V C R™ with all A;(V) > 0 such that VOW; # {0} for all i.

@ Karp (2023): the positivity conjecture is equivalent to a conjecture of
Eremenko (2015), which implies the divisor form of the secant conjecture.

@ Karp—Purbhoo (2023): the positivity conjecture is true. To prove it, we
explicitly solve for all A,(V) over C[&g(m—g)]-
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Universal Plucker coordinates

@ Shapiro—Shapiro problem: given (m — d)-subspaces Wi, ..., Wy(m_q) C

C™ osculating (t) at points t1,. .., tgm—q) € C, find all
d-subspaces V C C™ such that V N W; # {0} for all /.

Theorem (Karp—Purbhoo (2023))

There exist commuting linear operators 35 = 5,(t1, ..., td(m_d)) indexed
by d-subsets J C {1,..., m}, satisfying:

(i) There is a bijection between the eigenspaces of the [3;'s and the
solutions V' above, sending the eigenvalue of 3 to the A (V).

(ii) If t1, ..., tg(m—a) > O, then the B,'s are positive definite.

By = > (H ti) > XV (m)m € ClSg(m-a)l-

XC{L,...d(m—d)}, i¢X ~ mEGx
IX[=IA(J)]

@ We show the ,'s satisfy the Pliicker relations using the KP hierarchy.
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New proof: higher Gaudin Hamiltonians

@ The higher Gaudin Hamiltonian associated to the partition A is

T)\ = (tl =+ dl) cee (tn —+ dn)SA(h) € End ((Cd)®n),

where:
e hisad x d matrix;
e 5)(h) is the Schur polynomial evaluated at the eigenvalues of h; and
e d; is the derivative with respect to h' acting in the ith tensor factor.

Theorem (Alexandrov—Leurent-Tsuboi—Zabrodin (2014))

The Ty 's pairwise commute and satisfy the Pliicker relations.

Theorem (Karp—Mukhin—Tarasov (2024))
(i) We have 3; = Ty(s)ln=0 when n=d(m — d).
(i) If t1,...,t, > 0 and h is positive definite, then so is Ty.
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Future directions

@ Further explore the connection to the KP hierarchy.

@ What happens to the higher Gaudin Hamiltonian T if sy is replaced by
a different symmetric function?

@ Address generalizations and variations of the Shapiro—Shapiro conjecture:
the discriminant conjecture, the general form of the secant conjecture, the
monotone conjecture, the total reality conjecture for convex curves, ...

Thank you!
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