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Steiner’s conic problem (1848)

wunoime @ How many conics are tangent to 5 given conics? ###6.
A SECOND COURSE IN “
M @ de Jonquieres (1859): 3264.

e Fulton (1996): “The question of how many solutions of

real equations can be real is still very much open, particularly
for enumerative problems.”

e Fulton (1986); Ronga, Tognoli, Vust (1997): All 3264 conics can be real.

3264 Conics in a Second

e Breiding, Sturmfels, and Timme (2020) found 5 explicit such conics.
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Shapiro—Shapiro conjecture (1995)

o Let Gry ,(C) be the Grassmannian of all k-dimensional subspaces of C”.

@ Schubert (1886): Fix generic elements Wy, ..., W (,_k) € Gry n(C).
Then there are d , elements U € Gr,_x ,(C) such that

UN W, # {0} for all i,  where din ‘= t-—pyiceprniegnyr(k(n — K))!

@ B. and M. Shapiro conjectured that if each W; is an osculating plane to
the rational normal curve v(x) := (1,x,...,x"1), then every U is real.

eeg k=2, n=4 s

F. Sottile, “Frontiers of reality in Schubert calculus”

e Biirgisser, Lerario (2020): a ‘random’ problem has ~/dj , real solutions.
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@ The Wronskian of k linearly independent functions fi,...,fy : C — C is
fi fe

R R
Wr(fi,....f) :=det| =

fl(k.—l) fk(k.—l)
_ fogl _ 1 g1 208V
0 eg Wr(f,g) =det|, o =fg' —flg=",(%).
o Let V :=span(fi,..., fx). Then Wr(V) is well-defined up to a scalar. Its

zeros are points in C where some nonzero f € V has a zero of order k.

@ The monic linear differential operator £ of order k with kernel V is
_ Wr(fl""vf/ﬁg) dkg

e = Wih o h) ok

@ We identify C"” with the space of polynomials of degree at most n — 1:

CHHC[X]Sn_l, (al,...,a,,)<—>al+agx+~--+anx
We obtain the Wronski map Wr : Gry ,(C) — P(C[x]<x(n—x))-
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Wronskian formulation

Conjecture (Shapiro—Shapiro (1995))
Let V € Gry ,(C). If all complex zeros of Wr(V') are real, then V is real.

e e.g. If Wr(V) := (x + a)?(x + b)?, the two solutions V € Grp 4(C) are
span((x + a)(x + b),x(x + a)(x + b)) and span((x + a)*, (x + b)?).
o Sottile (1999) proved the conjecture asymptotically.

@ Eremenko and Gabrielov (2002) proved the conjecture for k =2, n — 2.
@ Mukhin, Tarasov, and Varchenko (2009) proved the conjecture via the
Bethe ansatz. All dy , solutions are distinct when the zeros are distinct.

@ Purbhoo (2010) explicitly labeled all dj , solutions by standard tableaux.
@ Purbhoo (2010) proved the Shapiro—Shapiro conjecture for the
orthogonal Grassmannian. Analogues due to Sottile for the Lagrangian
Grassmannian and the complete flag variety remain open.

@ Levinson and Purbhoo (2021) proved the Shapiro—Shapiro conjecture
topologically, and extended it to Wronskians with nonreal zeros.
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Secant conjecture and disconjugacy conjecture

Conjecture (Garcia-Puente, Hein, Hillar, Martin del Campo, Ruffo,

Sottile, Teitler (2012))

Let Wh, ..., Wi(n—k) € Gri n(C), where each W; is spanned by k points
on the rational normal curve vy, such that the points chosen for each W; lie
in k(n — k) disjoint intervals of R. Then all U € Gr,_y ,(C) satisfying

Un W, # {0} forall i

are real.

@ Eremenko (2015) showed that the secant conjecture is implied by:

Conjecture (Eremenko (2015))

Let V € Gry ,(R). If all zeros of Wr(V') are real, then every nonzero f € V
has at most k — 1 zeros in any interval of R on which Wr(V') is nonzero.

@ The case k = 2 of both conjectures was proved by Eremenko, Gabrielov,
Shapiro, and Vainshtein (2006).
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Total positivity

e Given V € Gry ,(C), take a k x n matrix whose rows span V. For
k-element subsets / of {1,...,n}, let A;(V) be the k x k minor located in
columns /. The A;(V) are well-defined up to a scalar, and give projective

coordinates on Gry ,(C), called Pliicker coordinates.
eeg.

(1,0,—4, —3)

1 0 -4 -3
V= EGI’274((C) — |:0 1 3 2:|

(0,1,3,2)

Ap =1, Aiz3=3, Aiu=2, Axz3=4, Ap=3, Azp=1

e We say that V' € Gry ,(C) is totally nonnegative if A;(V) >0 for all /,
and totally positive if Aj(V) > 0 for all /.
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Total positivity conjecture

Conjecture (Eremenko (2015))

Let V € Gry n(R). If all zeros of Wr(V') are real, then every nonzero f € V
has at most k — 1 zeros in any interval of R on which Wr(V') is nonzero.

Conjecture (Mukhin, Tarasov (2017); Karp (2021))

Let V € Gry 5(R).
(i) If all zeros of Wr(V/) lie in [—00,0], then V is totally nonnegative.
(ii) If all zeros of Wr(V) lie in (—o0,0), then V is totally positive.

v,

e eg Let Wr(V) := (x + a)?(x + b)?. If a,b > 0, then the two solutions

[ab at+b 1 O} [33 322 3a
and

1 ..
0 ab a+b 1 ] are totally positive.

b3 3b% 3b 1

Theorem (Karp (2021))

The two conjectures above are equivalent. They imply a totally positive
version of the secant conjecture.
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Complete flag variety

@ The equivalence of the two conjectures follows from a new description of
the totally positive part of the complete flag variety Fl,(R).

@ The elements of Fl,(R) are tuples (Vi,..., Vh_1), where

Vic--C Va1t CR"  and dim(Vy) =k forall1 < k<n-1.

We say that (V4,..., V,_1) is totally nonnegative if all its Pliicker
coordinates are nonnegative, i.e., Vi € Gry o(R) is totally nonnegative for
all 1 < k < n—1. We similarly define totally positive complete flags.

Theorem (Karp (2021))

(i) The complete flag (V1, ..., Vn_1) is totally nonnegative if and only if
Wr (Vi) is nonzero on the interval (0,00), forall1 < k < n—1.

(ii) The complete flag (V1, ..., Vn_1) totally positive if and only if Wr( V)
is nonzero on the interval [0,00], for all 1 < k < n—1.

@ In the language of Chebyshev systems, the conclusions above say that
(Vi,..., V1) forms a Markov system (or ECT -system). Such systems
also appear in the study of disconjugate linear differential equations.
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Complete flag variety

e e.g. Let n:=3, and let (Vi, V») € FI3(R) be represented by the matrix

A]_:]., AQZQ, A3:b7

,  with
Alg = 1, A13 =C, A23:ac—b.

1
0
0

o~
= 0 o

Hence (V4, V») is totally positive if and only if a, b, ¢, ac — b > 0. Now,

Wr(V1) = Wr(1 + ax + bx?) = 1 + ax + bx?,
Wr(Va) = Wr(1 + ax 4 bx?, x + cx?) = 1 + 2cx 4 (ac — b)x°.
The Theorem says that a, b, ¢, ac — b > 0 if and only if Wr(V;) and

Wr(V2) are positive on [0, 00]. The forward direction is immediate, and we
can verify the reverse direction by a calculation.

@ In general, the reverse direction follows using a topological argument.

@ The Theorem also gives new total nonnegativity and total positivity tests
for FI,(IR) using the coefficients of the Wronskians. These lead to new
total nonnegativity and total positivity tests for GL,(RR).
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